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Rotation numbers in Thompson-Stein groups
and applications
Isabelle LIOUSSE
Abstract. We study the properties of rotation numbers for some groups of piecewise linear homeomor-
phisms of the circle. We use these properties to obtain results on PL rigidity, non isomorphicity, non exoticity
of automorphisms, non smoothability for Thompson-Stein groups.
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1 Introduction.
In 1965, R. Thompson discovered the first example of a finitely presented infinite simple
group. This group called T is defined as a group of PL homeomorphisms of the circle.
We recall that an homeomorphism f of the circle Sr =
R
Z
of length r is piecewise linear (PL)
if there exists a finite subdivision : 0 < a1 < a2...... < ap = r such that
f˜|[ai,ai+1](x) = λix+ βi, where f˜ is a lift of f to R.
The ai’s are called break points (or breaks) of f , their set is denoted by BP (f).
The λi’s are called slopes of f , their set is denoted by Λ(f).
The ratio σf (ai) =
λi
λi−1
is called the jump of f at ai, their set is denoted by σ(f).
The set of all orientation preserving (i.e. slopes are positive) PL homeomorphisms of Sr is
denoted by PL+(Sr).
The Thompson group T consists of all orientation preserving homeomorphisms of R
Z
such that :
- breaks and their images are dyadic rational numbers,
- slopes are powers of 2.
The group T and its subgroup F –consisting of the elements of T that fix 0– occur in many
areas of mathematics : logic, homotopy theory, group theory, dynamical systems. The standard
survey for Thompson groups is [8]. Dynamical properties of T and F have been studied by
Ghys and Sergiescu in [11] and Brin in [3].
In particular in [11], it is proved that :
- any non trivial representation φ : T → Diff r+(S
1), r ≥ 2 is semi-conjugate to the
standard representation in PL+(S1) ;
- T admits faithful representations in Diff∞+ (S
1) and both of the two following situations
can occur : all φ(T )-orbits are dense or φ(T ) has an exceptional minimal.
As corollary and using Denjoy theorem, it’s shown in [11] that the rotation number of any
element of T is rational.
In [12], E´. Ghys asked about the following problem : consider a piecewise linear homeo-
morphism f of S1 such that all its slopes, breaks, images of breaks are rational numbers, is it
true that the rotation number of f is rational ?
This question has a negative answer. Counterexamples can be found in [2], a Boshernitzan
paper and not explicitly stated by Herman in [13] chapt VI section7.
In [3], M. Brin proved that the outer automorphism group of T has order 2, as is the group
OUT (Homeo+(S1)). This fact confirms the fact that the finitely generated group T is imitated
the behaviors of the continuous group Homeo+(S1) (simplicity, cohomology, automorphisms).
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An other interesting property of T and F due to Farley is that T and F are a-T-menable
(see [10] ). It’s still unknown if F is amenable or not.
Moreover, generalisations of Thompson groups have been quite a lot defined and studied :
Higman [14], Bieri-Strebel [1], Brown [7], Stein [22] and Brin-Guzman ([6]). In this paper, we
consider the generalisations in PL(S1) and follow the descriptions of Bieri-Strebel and Stein.
Thompson-Stein groups.
Definitions. Let Λ ⊂ R+∗ be a multiplicative subgroup, and A ⊂ R be an additive
subgroup, invariant by multiplication by elements of Λ.
We define Tr,Λ,A as the subgroup of PL
+(Sr) consisting of elements with slopes in Λ, breaks
and their images in A. The slope set of Tr,Λ,A is Λ and the break set of Tr,Λ,A is A.
In the case Λ =< ni > the multiplicative group generated by p integers 1 < n1 < ... < np
independent (in the sense of free abelian group generators, this is equivalent to the statement
that the log ni are Q-independent) and A = Z[
1
n1
, ..., 1
np
] = Z[ 1
m
] where m = lcm(ni) the least
common multiple of the ni :
the group Tr,Λ,A is denoted by Tr,(ni) and called a Thompson-Stein group. It’s the smallest
non trivial subgroup Tr,<ni>,A. The subgroup of Tr,(ni) consisting of elements that fix 0 is
denoted by Fr,(ni).
When p = 1, the group Tr,(m) [resp. Fr,(m)] is denoted by Tr,m [resp. Fr,m]. The classical
Thompson groups are T = T1,2 and F = F1,2.
Questions. For these groups many natural questions arise :
How are the rotation numbers of the elements of Tr,(ni) ?
How are automorphisms of Tr,(ni) ?
Is it possible to describe all Tr,(ni) up to isomorphisms, up to quasi isometry ?
Is it possible to classify the representations of Tr,(ni) in PL
+(Sr), Diff
k
+(Sr) ? In particular,
are the Tr,(ni) (infinitely) smoothable ?
Properties. M. Stein in [22] proved that :
- Tr,(ni) and Fr,(ni) are finitely presented and FP
∞,
- T ′′
r,(ni)
and F ′
r,(ni)
are simple groups,
- precise homology informations.
In [1] –the author is attached to mention that she couldn’t get this unpublished paper, so
she refered to results that are cited or reproved in [22], [3] and [6]– Bieiri and Strebel have
studied isomorphisms and automorphisms of Tr,Λ,A.
They’ve described PL isomorphisms between distincts Tr,(ni) ; in particular, they proved
that : “ Tr,(ni) and Tr′,(ni) are PL-isomorphic if and only if , (r − r
′) is an integer multiple of
d = gcd(ni − 1) the highest common divisor of the ni − 1”.
They also proved that automorphisms of Fr,Λ,A are not exotic (i.e. they are realized as PL
conjugation) provided Λ is a dense multiplivative group.
To extend this result to Tr,(ni) (in particular for p ≥ 2), it’s reasonnable to think about
localization results (such results can be found in [3] and [6] for Tr,m when r is not a multiple
of d = m− 1). A very surprising theorem is proved in [6] : Tm−1,m has (infintely many) exotic
automorphisms.
Here, we developp a different approach to study the automorphisms of Thompson-Stein
groups : we analyse the rotation numbers and use a rigidity result for actions in PL+(S1) or
Diffk+(S
1) to obtain as corollaries informations on isomorphisms and automorphisms.
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Theorem 1. Rational rotation numbers. Let m ≥ 2, r ≥ 1 and q ≥ 1 be integers. Then
A. Each element of Tr,<m>,Q has rational rotation number, so has periodic points.
B. The following properties are equivalent :
(1) there exists p ∈ N∗ such that Tr,m contains an element of reduced rotation number
p
q
,
(1’) for all p ∈ N∗, the group Tr,m contains an element of reduced rotation number
p
q
,
(2) gcd (m− 1, q) is a divisor of r,
(3) the group Tr,m contains an element of order q
(3’) for all p ∈ N∗, the group Tr,m contains an element of order q with rotation number
p
q
.
Immediate consequences of Theorem 1. Fix two integers m ≥ 2 and r ≥ 1 .
On the rotation number map ρ : Homeo+(Sr)→
R
Z
defined by ρ(f) = lim
n→∞
(f˜n(0)/rn) (mod1).
1. The image set ρ(Tr,m) ⊂
Q
Z
and any number in ρ(Tr,m) is realized as the rotation number
of a finite order element of Tr,m.
2. Any rational number is realized as the rotation number of an element of finite order of
Tm−1,m ; in particular, ρ(Tm−1,m) =
Q
Z
.
3. The group Tm−1,m is the only group for 0 < r < m− 1 that contains elements of order
m− 1. In particular, ρ(Tr,m) 6=
Q
Z
for 0 < r < m− 1 (mod m− 1).
4. If m, r are odd, the group Tr,m doesn’t contain elements of order 2 (of any even order).
5. The image set ρ(T1,m) = {
p
q
: gcd(q,m − 1) = 1}. If m − 1 is a prime number then
ρ(T1,m) = ρ(Tr,m), for all 0 < r < m− 1 (mod m− 1).
On the isomorphic problem.
6. The group Tm−1,m is isomorphic to none of the groups Tr,m with 0 ≤ r < m− 1.
7. If m is odd, r odd and r′ even, the groups Tr,m and Tr′,m are not isomorphic.
In the next theorem, we prove that Thompson-Stein groups contain free abelian groups that
act freely on Sr. The rank of such a group depends on the rank of the slope set.
Theorem 2. Irrational rotation numbers. Let G = Tr,(ni) be a Thompson-Stein group
associated to p ≥ 1 independent integers ni. Then :
A. The group G contains a free abelian group of rank p−1 acting freely. That is equivalent
to the statement that G contains (p− 1) commuting homeomorphisms with irrational rotation
numbers ρi such that 1 and the ρi are Q-independent.
B. The group G doesn’t contain any free abelian group of rank p acting freely on the circle.
C. The rotation number of any element in a free abelian subgroup of rank 2 of G is written
in the form ρ(g) = logαlog β , with α, β ∈< ni > .
C’. Any number logαlog β ∈ [0, 1[ with α, β ∈< ni > can be realized as the rotation number of
an element of Td,(ni), where d = gcd(ni − 1).
Consequences of theorem 2. Let G = Tr,(ni) and A = Z[
1
m
], with m = lcm(ni).
1. The free rank of G defined by frk(G) = max{n ∈ N : ∃Zn ⊂ G acting freely} = p− 1.
2. Any representation φ from G = Tr,(ni), p ≥ 3 into PL
+(S1) that is topologically conjugate
to the standard representation in PL+(Sr) is PL-conjugate to the standard representation.
3. The group G = Tr,(ni), p ≥ 3 has no exotic automorphism ; more precisly, its automor-
phisms are in realized by conjugation by maps in Tr,invA,A, where invA = {a ∈ A :
1
a
∈ A}. In
particular, OUTG has order 2 provided the ni are coprime.
4. Let r ∈ N∗, two distincts Thompson-Stein groups Tr,(n1,...np) with p ≥ 3 and Tr,(n′1,...,n′q)
with q ≥ 1 are not isomorphic.
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Remarks on theorem 2 and aknowlegments. According to G. Rhin ([21]), the logαlog β are
diophantine numbers. I’m grateful to Yann Bugeaud and Nicolas Brisebarre for indicating me
references and details on this property.
The proof of theorem 2A is based on extensions of Boshernitzan examples. Part B and C are
consequences of a rigidity result for free PL-actions of Z2 on the circle due to Minakawa ([18])
and the explicit calculation of rotation numbers for some particular PL-homeomorphisms.
Theorem 3 (Representations in PL(S1) or Diff(S1)).
Let G = T1,(ni) be the Thompson-Stein group associated to p ≥ 2 independent integers :
(2, n2, ..., np). Then :
A. Each non trivial [faithfull] representation φ from G into PL(S1) or Diff2(S1) is topo-
logically conjugate to the standard representation in PL(Sr).
B. There exists k ≥ 2 depending on the logni’s diophantine coefficients such that any
representation from G into Diffk(S1) is trivial [has finite image]. In particular, G is not
realizable in Diff∞(S1).
The proof of theorem 3 is the combination of :
- dynamics properties of G and its subgroups acting on S1, following Ghys-Sergiescu ap-
proach. It’s important to say that the theorem K in [11] holds for PL-actions instead of
Diff2(S1) (as Koppel lemma holds for PL-actions) and doesn’t extend to Tr,m with m > 2
since the Euler class triviality argument doesn’t work with rk(H2(Tr,m,Z) > 2.
- and the Brin version ([4]) of a Rubin’s theorem ([21]).
Consequence of theorems 2 and 3. Let G = T1,(ni) be a Thompson-Stein group associated
to p ≥ 3 independant integers : (2, n2, ..., np). Any non trivial representation φ from G into
PL(S1) is PL-conjugate to the standard representation.
A important piece for our proofs is the Bieri-Strebel criterion.
Definition. Two real intervals [a, c] and [a′, c′] are PLΛ,A-equivalent if there exists a PL
homeomorphism with slopes in Λ and breaks in A that takes [a, c] to [a′, c′].
Bieri-Strebel criterion. The intervals [a, c] and [a′, c′] are PLΛ,A-equivalent if and only if
their length are equal modulo (1−Λ)A, where the set (1−Λ)A = {
∑
(1−λi)ai, λi ∈ Λ, ai ∈ A}
(for a proof, see [22] appendix).
For Thompson-Stein groups. Suppose that Λ =< ni > and A = Z[
1
m
] with m =
lcm(ni), then :
- the set (1− Λ)A = dA = (dZ)Λ, where d = gcd(ni − 1).
- two integers are equal modulo (1− Λ)A iff their difference is a multiple of d.
- the groups Tr,(ni) and Tr′,(ni) are PL-conjugate provided r = r
′ (mod d).
Proof of (1− Λ)A = dA.
Step 1. (1−Λ)A ⊂ dA. As (1−Λ)A is a submodule, it suffices to prove that (1−λ)a ∈ dA,
with a ∈ A and λ = ns11 ...n
sp
p ∈ Λ. By reducing to same denominator, (1 − λ)a = (1 −
na11 ...n
ap
p )a = (n
b1
1 ...n
bp
p − n
c1
1 ...n
cp
p )a′ with bi, ci positive integers, a
′ ∈ A. By replacing the ni
by kid+ 1 and developping, we get (1− λ)a = (dN)a
′ with N ∈ N.
Step 2. dA ⊂ (1 − Λ)A. Let a ∈ A, using Bezout identity we get d = u1(n1 − 1) + .... +
up(np − 1) and hence da =
∑
(ni − 1)(uia) ∈ (1− Λ)A.
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2 Proof of Theorem 1.
Proof of theorem 1.A. The first step is to prove that each f ∈ Tr,m has rational rotation
number. The homeomorphism f ∈ Tr,m of Sr =
[0,r]
0=r is identified with the bijection f˜ (mod r)
of [0, r[, where f˜ is a lift to R of f .
For all x ∈ [0, r[, we have f(x) = me(x)x+
p(x)
mk(x)
, with e(x) ∈ Z, p(x) ∈ Z and k(x) ∈ N.
Note that these three functions are bounded by constants independent of x.
The orbit of 0 contains only m-adic numbers, that is for all n ∈ Z, the point fn(0) is
written is the form fn(0) =
Mn
mNn
, with Nn ∈ N and (∗) Mn ∈ N is not a multiple of m
or is zero. Remark that if m is not a prime number, the fraction may be unreduced, but the
condition (∗) assumes the uniqueness of the expression fn(0) = Mn
mNn
.
If there exists a non zero integer n such that Mn = 0 then f
n(0) = 0, therefore the orbit of
0 is periodic and the rotation number of f is rational, we are done. In what follows, we assume
that for all positive integer n the integer Mn is not a multiple of m.
Fact 1 : Nn → +∞ when n→ +∞ or the orbit of 0 is periodic.
By absurd, if the sequence Nn doesn’t tend to +∞, there exists a bounded subsequence
Nsn , we write Nsn ≤ B. In this case, the subsequence f
sn(0) is contained in a finite set :
{
p
mk
with 0 ≤ k ≤ B and 0 ≤ p ≤ r.mB}. But, this is possible iff the orbit of 0 is periodic.
Fact 2 : If Nn → +∞ then Df
n(0)→ 0 when n→ +∞.
We suppose that Nn → +∞ and compute f
n+1(0) :
fn+1(0) = f(fn(0)) = me(f
n(0)) Mn
mNn
+
p(fn(0))
mk(fn(0))
=
Mn
mNn−e(fn(0))
+
p(fn(0))
mk(fn(0))
.
As Nn tends to +∞, as e and k are bounded, there is an integer n0 such that for all n ≥ n0,
we have Nn − e(f
n(0)) > k(fn(0)). It follows that :
fn+1(0) =
Mn +m
Nn−e(fn(0))−k(fn(0))p(fn(0))
mNn−e(f
n(0))
=
Mn+1
mNn+1
.
As m is a divisor of mNn−e(f
n(0))−k(fn(0)) but not a divisor of Mn, the integer m is not
a divisor of Mn +m
Nn−e(fn(0))−k(fn(0))p(fn(0)). The uniqueness of the expression fn+1(0) =
Mn+1
mNn+1
, implies that Nn+1 = Nn − e(f
n(0)), for all n ≥ n0.
Thus, for all p ∈ N∗, we have Nn0+p = Nn0 −
(
e(fn0(0)) + ...+ e(fn0+p−1(0))
)
. Hence,
e(fn0(0))+ ...+e(fn0+p−1(0))→ −∞ when p→ +∞. Finally, e(0)+e(f(0))+ ...+e(fn(0))→
−∞ when n→ +∞. But Dfn(0) = me(0) + e(f(0)) + ...+ e(f
n(0)) so Dfn(0) −→ 0.
Conclusion. If the rotation number of f is irrational :
- The f -orbit of 0 is not periodic. From this and fact 1 follows that Nn → +∞ and thus
using fact 2 we get that Dfn(0)→ 0.
- Denjoy’s inequalities apply to f and give Df qn(0) ≥ e−V arlogDf that can’t tend to 0.
From this contradiction follows the rationality of the rotation number of f ∈ Tr,m.
End of the proof of theorem 1.A. The group Tr,<m>,Q is identified with a group of piecewise
linear bijections of [0, r[ with slopes power of m, breaks and images of breaks rational numbers.
Let f ∈ Tr,<m>,Q, on each continuity interval of Df , we write f(x) = m
e(x).x+ p(x)
q(x) . Let Q be
the lcm of the q(x), the homothety HQ : Sr → SQr (HQ(x) = Qx) conjugate f to an element
of TQr,m for which the first part applies.
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Proof of theorem 1.B.
Easy implications.
(3)⇒ (1) is clear, since f of order q has rotation number ρ(f) = p
q
with (p, q) = 1.
(1)⇔ (1′) and (3)⇔ (3′) are obtained by choosing suitable powers of f .
We now prove the two implications (1)⇒ (2)⇒ (3).
(1) ⇒ (2). By hypothesis, there exists f ∈ Tr,m with ρ(f) =
p
q
. According to Poincare´, f
has a periodic point a of period q. Replacing f by a suitable power, we may assume ρ(f) = 1
q
.
Fix f˜ a lift of f to R and identify f with the bijection f˜(mod r) of [0, r[. By replacing a
by its nearest from 0 iterate, the orbit of a can be ordered as :
0 ≤ a = a0 < f(a) = a1 < .... < f
q−1(a) = aq−1 < r
The intervals [0, a] and [f(0), f(a)] are PLΛ,A-equivalent so, using the Bieri-Strebel crite-
rion, a = (f(a)− f(0)) mod(1− Λ)A and thus f(a)− a = f(0) mod(1 − Λ)A.
Furthermore, (via the map f˜) the intervals [a0, a1], [a1, a2], ... and [aq−1, a0+r] are PLΛ,A-
equivalent so their lengths li all equal mod(1 − Λ)A the length of the interval [a0, a1] that is
f(a)− a.
Finally, the lengths l1, l2,....lq of the intervals [a0, a1], [a1, a2], ...,[aq−1, a0 + r] equal f(0)
mod (1 − Λ)A = dA. Adding l1 + l2 + .... + lq, we obtain r = qf(0) mod dA, so r − qf(0) ∈
(m−1)Z[ 1
m
]. Thus, there exists integers u, v, s such that r−qf(0) = (m−1) v
ms
and f(0) = u
ms
,
so such that msr− qu = (m− 1)v, that is to say msr = qu+ (m− 1)v. This implies that msr
is a multiple of gcd(q,m−1). But (m−1) and m (also ms) are coprime, we conclude therefore
that r is a multiple of gcd(q,m− 1).
(2)⇒ (3). Fix r, m two positive integers and suppose that r is a multiple of gcd(q,m− 1).
Using Bezout, r = uq + v(m − 1), so r = uq modulo (m − 1). The Bieri-Strebel criterion
implies that the groups Tuq,m and Tr,m are isomorphic. Furthermore, the group Tuq,m contains
the rotation x 7→ x+ u of order q. This completes the proof.
3 Proof of theorem 2 and consequences.
The proof of theorem 2.A is based on generalisations of the examples gived by Boshernitzan
in [2]. The first type of generalisation is to pass from the usual circle to Sr and the second
is to construct carefully examples in order to obtain break points in the suitable set A and
commuting examples.
3.1 Boshernitzan examples on Sr.
Consider Sr =
R
rZ
= [0,r]0=r the circle of length r ∈ N
∗ and f ∈ PL+(Sr) with exactly two
break points a and f(a) = 0. The map f is identified with the bijection f˜ (mod r) of [0, r[.
✓
✓
✓
✓
★
★
★
★
★
•
0 a
•
r
•
f(0) •
λ1
λ2
r •
Fig. 1
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Fixing the initial break to be 0, such a map is uniquely defined by its slopes λ1 and λ2.
Then, it admits 0 , a = r 1−λ2
λ1−λ2
as breaks and 0 , b = f(0) = 1− λ1a as images of breaks.
Conversely, given two positive numbers λ1 and λ2 such that (log λ1 log λ1) < 0, there exists
a unique f ∈ PL+(Sr) with breaks 0 and a and slopes λ1 and λ2 such that f(a) = 0. This PL
homeomorphism f is denoted by fr,λ1,λ2 . Let’s define :
- the homothety Hr :
{
S1 = S1 → Sr
x 7→ rx
of ratio r and
- hσ the homeomorphism of S
1 identified with the restriction to [0, 1[ of one of its lift :
hσ(x) =
σx − 1
σ − 1
if σ ∈]0, 1[ and h1(x) = x.
It’s easy to check (by an explicit calculation, as it’s done in [2]), that :
⊲ the map Hr ◦ hλ1
λ2
conjugates fr,λ1,λ2 to the rotation of S
1 of angle log λ1log λ1−log λ2 ,
⊲ in particular, f has rotation number ρ(f) =
log λ1
log λ1 − log λ2
(mod 1).
⊲ Conversely, for all ρ ∈ S1, for all σ ∈]0, 1[, the map (Hr ◦ hσ) ◦ Rρ ◦ (Hr ◦ hσ)
−1 is in
PL+(Sr) and has two breaks 0 and a satisfying f(a) = 0, it’s called a Boshernitzan on Sr.
The map defined by Bσρ = hσ ◦Rρ ◦ h
−1
σ for σ ∈]0, 1] is a classical Boshernitzan on S
1.
To sum up, fr,λ1,λ2 = (Hr ◦ hσ) ◦Rρ ◦ (Hr ◦ hσ)
−1 = Hr ◦B
σ
ρ ◦ H
−1
r ,
where (λ1, λ2) and (ρ, σ) are related by
{
σ = λ1
λ2
ρ = log λ1log λ1−logλ2
and
{
λ1 = σ
ρ−1
λ1 = σ
ρ
It’s easy to check that two Boshernitzan of irrational rotation numbers commute if and
only if they have the same jump σ = λ1
λ2
at 0, since they are conjugate to rotations through
the same normalized homeomorphism.
3.2 The Ghys question and remarks.
Let’s n1 and n2 be two independents integers. Consider f the Boshernitzan of S
1 with
slopes λ1 = n1 and λ2 =
1
n2
. The data of f are rational. Thus f ∈ T1,Q,Q but its rotation
number ρ(f) = logn1logn1+logn2 /∈ Q. In general, because of the denominator in the formula that
gives the break point a = 1−λ2
λ1−λ2
, the previous PL homeomorphism is not in the Thompson-
Stein group T1,(n1,n2). For example, by taking n1 = 2, n2 = 3, the associated break point is
a = 25 /∈ Z[
1
6 ]. Note that, for proving that a Boshernitzan f of Sr is in Tr,Λ,A, it suffices to
prove that its slopes λ1 and λ2 are in Λ and that the break a is in A (from this follows that
f(0) ∈ A because f(0) = r−λ1a = λ2(r− a)). The examples with irrational rotation numbers
that we will construct in Thompson-Stein groups are not Boshernitzan examples they are PL
conjugate to Boshernitzan examples.
3.3 Proof of theorem 2.A.
Here, we construct elements of irrational rotation numbers in any Thompson-Stein group
having slope set of rank p at least 2. Let G = Tr,(n1,...,np) be a Thompson-Stein group, m =
lcm(ni) and d = gcd(ni − 1).
Step 1 : there exists Π ∈ Λ, Π = nα11 n
α2
2 ...n
αp
p with αi ∈ N
∗ such that gcd(Π−1
d
, d) = 1.
By definition of d, we have ni = kid+ 1 where ki are p positive coprime integers. So there
exists p integers (β1, ...., βp) such that k1β1 + .... + kpβp = 1 (*).
Fix p positive integers α′i ∈ N
∗ such that α′i > |βi|.
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If k1α
′
1 + ....+ kpα
′
p and d are coprime then we set αi = α
′
i.
If not, k1α
′
1 + .... + kpα
′
p = w
′d′ with d′ > 0 a divisor of d. By multiplicating this equality
by n = d
d′
, we obtain : k1(nα
′
1) + .... + kp(nα
′
p) = w
′d. Adding (*) to this equality, we get
k1(nα
′
1 + β1) + ....+ kp(nα
′
p + βp) = w
′d+ 1 and we set αi = nα
′
i + βi > 0. It’s clear that d is
relatively prime to w′d+ 1.
Hence in both cases, we have found p positive integers αi > 0 such that w = k1α1+....+kpαp
and d are coprime. Consider Π = nα11 n
α2
2 ...n
αp
p and compute Π − 1. We denote by C
p
n the
binomial coefficient Cpn =
n!
p!(n−p)! .
Π− 1 = (k1d+ 1)
α1 ....(kpd+ 1)
αp =
∑
ij ∈ {0, ..., αj}
j ∈ {1, ...p}
(Ci1α1 ...C
ip
αp)(k
i1
1 ....k
ip
p )d
(i1+...ip) − 1 =
∑
ij ∈ {0, ..., αj},
∑
ij ≥ 2
j ∈ {1, ...p}
(Ci1α1 ...C
ip
αp)(k
i1
1 ....k
ip
p )d
(i1+...ip) +
∑
ij ∈ {0, ..., αj},
∑
ij ≤ 1
j ∈ {1, ...p}
..... −1 =
= d2Σ+ d(k1α1 + .... + kpαp) = d
2Σ+ dw where Σ ∈ N.
Because,
∑
ij ≤ 1 if and only if all ij are zero (in this case the term of the sum is 1) , or
all ij are zero except one il that is egal to 1 (in this case the term of the sum is αlkld).
Using that w = Π−1
d
− dΣ and d are coprime, we conclude that Π−1
d
and d are coprime.
Step 2 : Construction of maps with irrational rotation numbers.
Fix j ∈ {1, ...., p} and set rk = k
Π−1
d
for k ∈ N∗, with Π given by the previous step.
Fix i ∈ {1, ...., p} and consider fi the Boshernitzan on Srk defined by its two slopes :
λ1 = ni > 1 and λ2 =
λ1
Π
< 1.
For proving that f is in Trk,(ni), it suffices to prove that its break ai ∈ Z[
1
m
]. We have ai =
rk
1− λ1
λ2 − λ1
= k(
Π− 1
d
)×
1− λ1
λ1Π−1 − λ1
=
kΠ
λ1
λ1 − 1
d
. But, 1−λ1 ∈ dA so
λ1−1
d
∈ A, thus ai ∈ A.
To sum up : for any i ∈ {1, ...., p}, we have construct fi ∈ Trk,(ni) such that :
ρ(fi) =
log ni
log Π
/∈ Q and σfi(0) = Π.
Futhermore, for i ∈ {2, ...., p}, the fi have irrational rotation numbers such that ρ(fi) and
1 are Q-independent, and commute because have the same jump σfi(0) = Π. Therefore the
Thompson-Stein group Trk,(ni) contains a Z
p−1 that acts freely on S1.
The classes in Z
dZ
described by the rk = k
Π−1
d
, when k ranges over N∗ are the multiples of
the class in Z
dZ
of gcd(d, Π−1
d
) = 1. So any positive integer r is in the class (mod d) of some rk.
By Bieri-Strebel criterion, the group Tr,(ni) is PL-conjugate to some Trk,(ni), thus it contains
a Zp−1 that acts freely on S1. This ends the proof of theorem 2, part A.
3.4 Proof of theorem 2 B, C and C’.
These proofs use a rigidity result for PL-actions of Z2 on circles, which is a lemma in
[18] :“If f, g ∈ PL+(Sr) generate a freely acting group then f and g are PL conjugate to two
commuting Boshernitzan on Sr”. Here, we slightly modified the proof given by Minakawa in
order to obtain further informations on the conjugating homeomorphism and to compute the
rotation numbers of f and g.
8
Definitions.
- A homeomorphism f ∈ PL+(Sr) has the (D)-property if the product of the f -jumps on
each orbit is trivial. Or equivalently the break set BP (f) is contained in the union of finitely
many pieces of orbits Ci = {ai, f(ai), ..., f
l(ai)}, i ∈ I such that
∏
c∈Ci
σf (c) = 1.
- For f with (D)-property, we define π(f) =
∏
i∈I, 0<k≤li
σfN+1(f
k(ai)), where N = max li
with li defined as above.
Lemma 1. If f, g ∈ PL+(Sr) generate a freely acting group, then they have the (D)-property.
Proof of Lemma 1. Let a be a break of f , we have to prove that the product of the f -jumps
on the f -orbit of a is trivial. In fact it suffices to prove the triviality of the product of jumps
on finite pieces of orbit {f−M(a), ...., fM (a)}, for any sufficiently large M .
Since f has finitely many break points and since the f -orbits of the points gk(a) are
disjoints, it’s possible to find k ∈ N such that the f -orbit of gk(a) doesn’t meet BP (f). Thus,
for all n ∈ Z, we have σf (f
n(gk(a)) = 1. Futhermore, for all x ∈ Sr, we have :
σgk◦f◦g−k(g
k(x)) =
σgk(f(x))σf (x)
σgk(x)
.
Using the commutativity hypothesis, we have
1 = σf (f
n(gk(a)) = σgk◦f◦g−k(f
n(gk(a)) = σgk◦f◦g−k(g
k(fn(a)) =
σgk(f(f
n(a))σf (f
n(a))
σgk(f
n(a))
.
It follows that σf (f
n(a)) =
σgk(f
n(a))
σgk(f
n+1(a))
, hence the product
∏
n∈Z
σf (f
n(a)) =
∏
n∈{−M,..,M}
σf (f
n(a)) telescopes to
σ
gk
(f−Ma))
σ
gk
(fM+1(a))
.
Finally, by choosing M sufficiently large (depending on k) such that f−M(a) and fM+1(a) are
not breaks of gk, we get that the product of the f -jumps along the f -orbit of a is trivial. We
conclude that f (and also g) has the (D)-property.
Lemma 2. Let f ∈ Tr,Λ,A with (D)-property and irrational rotation number. Then there exists
a PL map Hf that conjugates f to the Sr Boshernitzan example Hr◦B
Π(f)
ρ(f) ◦H
−1
r . Furthermore :
If Π(f) 6= 1, then ρ(f) = logαlog Π(f) , where α ∈ Λ.
If Π(f) = 1, ρ(f) = α
β
, where α, β ∈ Λ.
The break set BP (H) ⊂ A, the jump sets σ(H) ⊂ Λ and σ(B
Π(f)
ρ(f) ) ⊂ Λ. But, in general, the
slope sets Λ(H) and Λ(B
Π(f)
ρ(f) ) are not contained in Λ.
Proof of Lemma 2. By definition of the (D)-property, the set BP (f) ⊂
⊔
i∈I
Ci with
Ci = {f
k(ai), k = 0, ..., li} and
∏
c∈Ci
σf (c) = 1.
Consider a PL homeomorphism Hf = H of Sr such that f(ai), ...., f
li(ai) for i ∈ I are breaks
of H with associated jumps σH(f
k(ai)) = σfN+1(f
k(ai)) for k = 1, ...li, where N = max li.
Note that for ai we also have σH(f
k(ai)) = σfN+1(f
k(ai)) = 1.
A necessary and sufficient condition for H to have these breaks and no more is that the product
of their H-jumps is trivial, that is Π(f) = 1.
So, when Π(f) = 1, we normalise H by H(0) = 0.
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So, when Π(f) 6= 1, we add a break point c such that c ∈ A \ ∪{ai, ..., f
li(ai)} and
σH(c) = (Π(f))
−1 and normalise H by H(c) = 0.
By definition, this map H has breaks in A, jumps in Λ. The slopes of H are in frac(A) =
{a
b
: a, b ∈ A} because are ratio of lengths of two intervals with endpoints in BP (H) ⊂ A.
Now we have :
- BP (H ◦ f ◦H−1) ⊂ {H(ai), ...,H(f
li(ai)), i ∈ I} ∪ {H(c),H(f
−1(c)},
- for i ∈ I, 0 ≤ k ≤ li, the jump :
σH◦f◦H−1(H(f
k(ai)) =
σH(f
k+1(ai))× σf (f
k(ai))
σH(fk(ai))
=
σfN+1(f
k+1(ai))× σf (f
k(ai))
σfN+1(f
k(ai))
= 1,
- the jump σH◦f◦H−1(H(c)) = Π(f),
- the jump σH◦f◦H−1(H(f
−1(c)) = Π(f)−1.
Thus, when Π(f) 6= 1, the map F = H◦f ◦H−1 has exactly two breaks 0 = H(c) and F−1(0) =
H(f−1(c)), it’s a Boshernitzan on Sr ; its jump at the initial break 0 is Π(f) and its rotation
number is ρ(f) but also
logDF+(0)
logDF+(0)− logDF−(0)
=
logDF+(0)
log Π(f)
as it’s a Boshernitzan.
Moreover, DF+(0) = D+(H ◦ f ◦H
−1)(H(c)) =
DH(f(c))Df(c)
DH+(c)
= Df(c)
DH(f(c))
DH+(c)
∈ Λ, as
Df(c) ∈ Λ and the ratio of the derivatives of H at two points is a product of H-jumps.
So ρ(f) = ρ(F ) =
log α
log Π(f)
, with α and Π(f) in Λ.
Now, when Π(f) = 1, the map F = H ◦ f ◦H−1 is PL and has no break so it’s a rotation of
angle ρ(f) but also of angle F (0) = H ◦ f ◦H−1(0) = H(f(0)) = DH(f(0)).f(0)+β ∈ fracA,
as DH(f(0) ∈ fracA and β ∈ fracA (this can easily be etablished by writing that H is
continuous at its breaks αi ∈ A, that H(0) = 0 and that the slopes are in fracA). This ends
the proof of Lemma 2.
Remarks on Lemma 2.
- When Λ is a subset of Q, the case Π(f) = 1 can’t occur, since ρ(f) would be rational.
- If f and g satisfy the hypothesis of lemma 2 and commute then π(f) = π(g), since the
conjugation to rotation with h(0) = 0 is R
H−1
f
(0) ◦Hf ◦ hpi(f) = RH−1g (0) ◦ Hg ◦ hpi(g) and an
easy calculation gives that hpi1 ◦ h
−1
pi2
is PL if and only if π1 = π2.
- For similar reasons, if f and g satisfy the hypothesis of lemma 2 and are PL conjugate
then π(f) = π(g).
Proof of Theorem 2.B. By absurb, we suppose that there is Zp ⊂ Tr,(n1,...,np) acting freely.
If p = 1, this is impossible by theorem 1 A.
If p ≥ 2, there exist p commuting homeomorphisms fi of irrational rotation numbers ρ(fi)
affinely Q-independent. Using lemma 1 and 2 (and its remarks) we get ρ(fi) =
logαi
log Π(fi)
.
Furthermore all Π(fi) are egal to a same Π (the fi commute) and the ρ(fi) =
logαi
log Π and 1
must be Q-independent. This means (multiplicating by log Π ∈ Q) that the logαi and log Π are
Q-independent. But, logαi and log Π are (p+1) real numbers in the additve group generated
by the p real numbers log ni, so they are Q-dependent, a contradiction.
Proof of Theorem 2.C. If f ∈ Tr,(ni) is contained in a Z
2 acting freely, by lemma 1, the map
f has (D)-property. Thus, by lemma 2 (and its remarks), the rotation number of f is logαlog Π(f)
with α and Π(f) in < ni >. This proves the claim.
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Proof of Theorem 2.C’. Fix p ≥ 1 and fix ρ = logαlog β ∈]0, 1[ with α, β in Λ =< ni > and
1 < α < β. As β−1 ∈ (1−Λ)A = (dZ)Λ we can write β−1 = dnβλ with nβ ∈ Z and λ ∈ Λ.
Let r = dnβ and consider the Boshernitzan f on Sr defined by its two slopes
λ1 = α and λ2 =
λ1
β
= αβ−1 < 1.
For proving that f is in Tr,(ni), it suffices to prove that its break ai ∈ Z[
1
m
]. We have
ai = r
1− λ1
λ2 − λ1
= dnβ ×
α− 1
αβ−1(β − 1)
=
α− 1
λαβ−1
∈ A. The rotation number of f is ρ(f) =
log λ1
log λ2−logλ1
= logαlog β . But r = dnβ equal d (mod d) so using Bieri-Strebel criterion the group
Td,(ni) contains a PL-conjugate to f that is a map of rotation number
logα
log β .
Remark also that for p = 1, the result is the consequence 2 of theorem 1.
3.5 Proof of the consequences of theorem 2.
Consequence 1 is a reformulation of A and B. The consequences 2, 3 and 4 use easy technical
lemmas (lemma 4 and 5) and a Brin version ([4]) of the Rubin theorem of [21] :
Let G be a group and φ, ϕ be two representations of G in Homeo+(S1). If the subgroups
φ(G) and ϕ(G) are both locally dense then φ and ϕ are topologically conjugate (that is there
exists h ∈ Homeo(S1) such that φ(g) = h ◦ ϕ(g) ◦ h−1, ∀g ∈ G).
Where a subgroup H of Homeo+(S1) is said to be locally dense if for all open subset U of S1,
the group GU = {g ∈ H : supp g ⊂ U} has every orbit in U locally dense (i.e dense in some
non empty open subset of U).
Lemma 3. Fix two integers r ≥ 1 and k ≥ 2, then the group Tr,k is a locally dense subgroup
of Homeo+(S1).
Proof of lemma 3. Let U be an open subset of S1 and x0 ∈ U . We have to prove that the
closure cl(GU (x0)) of GU (x0) contains an open subset of U . Let’s choose a0, b0 ∈ A = Z[
1
k
]
such that x0 ∈ I0 =]a0, b0[⊂ U . We’ll prove that cl(GI0(x0)) contains a non empty open subset.
For α ∈]0, (k−1)min(x0 − a0,
b0−x0
k
)[ ∩A, we consider the PL-homeomorphism fα defined by :
fα(x) = kx+ (1− k)a0 if x ∈ [a0, a
′
0] with a
′
0 = a0 +
α
k−1 ,
fα(x) = x+ α if x ∈ [a
′
0, b
′
0] with b
′
0 = b0 −
kα
k−1 ,
fα(x) =
1
k
x+ (
k − 1
k
)b0 if x ∈ [b
′
0, b0],
fα(x) = x elsewhere.
|
a0
|
b0
−a0
−b0
•
 
 
 
✁
✁
 
 
•
•✟✟
• 
|
a′0
|
b′0
1
1
k
1
k
Fig. 2
We have fα ∈ Tr,k, its support suppfα = [a
′
0, b
′
0] ⊂ I0 ⊂ U and fα(x0) = x0+α for all α in
the dense set A′ =]0, (k − 1)min(x0 − a0,
b0−x0
k
)[ ∩ A as a0 ≤ a
′
0 < x0 < b
′
0 ≤ b0.
Thus, cl({fα(x0), α ∈ A
′}) has non empty interior and is contained in the interior of
cl(GI0(x0)). This ends the proof of lemma 3.
Consequences : The groups Tr,(ni) are locally dense subgroups (since they contain some Tr,k).
Each isomorphism between such groups and each automorphism of such groups is
realized by a conjugation in Homeo (S1).
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Lemma 4 : Let Γ1 =< f1, g1 > ⊂ Homeo
+(Sr1) and Γ2 =< f2, g2 > ⊂ Homeo
+(Sr2) be
two Z2 that act freely on circles and such that ρ(f1) = ρ(f2) and ρ(g1) = ρ(g2). Then Γ1 and
Γ2 are conjugate, and the maps such that Γ2 = h ◦ Γ1 ◦ h
−1 are
hb = H
−1
f2
◦Hr2 ◦ hpi(f2) ◦Rb ◦ h
−1
pi(f1)
◦Hr1
−1 ◦Hf1 with b ∈ S
1,
where Hf is the map defined in lemma 2, Hr is the homothety of ratio r and hpi is the conju-
gation between the Boshernitzan Bpiρ and the rotation by ρ.
The proof of lemma 4 is the combination of lemma 2 and properties of Boshernitzan-examples
and we leave it to the reader.
Lemma 5 : Let π1, π2 in ]0, 1] and a, b in S
1, denote Fb = hpi2 ◦ Rb ◦ h
−1
pi1
,
then Fb ◦Ra ◦ F
−1
b is a PL-map if and only if a = 0 or π1 = 1 or π1 = π2.
Proof of lemma 5. The calculus are done in [0, 1[, circle homeomorphisms f being iden-
tified with bijections f˜ (mod 1) of [0, 1[.
We write hpi(x) =
pix−1
pi−1 =
1
pi−1(e
x log pi − 1) et h−1pi (x) =
1
log pi log(x(π − 1) + 1).
We compute Fb(x) = hpi1 ◦ Rb ◦ h
−1
pi2
(x) =
1
π1 − 1
(
π
b(x)
1 (x(π2 − 1) + 1)
p
s − 1
)
, where
p = log π1, s = log π2 and b(x) ∈ {b, b− 1}.
Finally, Fb ◦Ra ◦ F
−1
b (x) =
1
π2 − 1
(
π
−b1(x)
2
(
a(π1 − 1) + π
b2(x)
1 (x(π2 − 1) + 1)
p
s
) s
p
− 1
)
,
where b1(x), b2(x) ∈ {b, b− 1}.
Finally, Fb ◦Ra ◦ F
−1
b (x) is PL if and only if a
′(π1 − 1) = 0 or
p
s
= 1, this gives lemma 5.
Proof of consequence 2 : “ Topological rigidity implies PL rigidity”.
Let φ be a representation of G = Tr,(ni), p ≥ 3 in PL
+(S1) that is topologically conjugate by
h to the standard one. By eventually composing h with the standard involution (x 7→ 1−x), we
may assume that h is orientation preserving. Consider a rank 2 subgroup < f1, g1 > contained
in the “free” Zp−1 subgroup of G that has been constructed in the previous section (proof
of theorem 2.A). Changing r in its class mod d, we may assume that f1 is a Boshernizan :
f1 = Hr1 ◦ hpi1 ◦Rρ1 ◦ hpi1 ◦ Hr1 .
The image of < f1, g1 > is a Z
2 acting freely, we can apply lemma 4 for < f1, g1 >⊂ G
and < φ(f1), φ(g1) >⊂ φ(G). We obtain that h is one of the hb. Let Ra ∈ G be a non trivial
rotation, we have φ(Ra) = hb ◦Ra ◦ h
−1
b ∈ PL
+(S1). Replacing hb by its expression, it means
that H−1f2 ◦ hpi(f2) ◦Rb ◦ h
−1
pi(f1)
◦ H−1r1 ◦Ra ◦ Hr1 ◦ hpi(f1) ◦R
−1
b ◦ h
−1
pi(f2)
◦ Hf2 ∈ PL
+(S1).
Using the fact that Hf are PL-maps and lemma 5, we get that π(f1) = 1 that is impossible
as fi is a rational homeomorphism with irrational rotation number or π(f1) = π(f2) in this
case hpi(f2) ◦Rb ◦ h
−1
pi(f1)
is a Boshernitzan so it’s PL. Finally, we have proved that hb is PL.
Proof of consequence 3 : “ Non exoticity of automorphisms and isomorphisms”.
According to Rubin theorem, isomorphisms and automorphisms of Thompson-Stein groups
are realized by topological conjugations. According to the previous point, they are realized by
PL-conjugation, provided the fact that p ≥ 3. More precisely, it’s possible to give a complete
description of PL-automorphisms. This can be found in [1] or in [16] and prove that a PL
automorphism of G = Tr,Λ,A has slopes in invA and breaks in A.
Proof of consequence 4 : “Distincts Thompson-Stein groups are not isomorphic”.
Suppose, by absurd, that G = Tr,(ni) and G
′ = Tr,(n′j) are isomorphic and G is of free rank
at least 2. By consequence 3, the groups G and G′ are PL-conjugate. Using the summary at
the end of proof of theorem 2A, for all i ∈ {1, .., p} the group G = Tr,(ni) contains a map fi
with rotation number ρ(fi) =
logni
log Π . The image f
′
i of fi in G
′ = Tr,(n′i) is contained in a free
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Z2 so its rotation number ρ(f ′i) =
logα′
logΠ(f ′i)
, α′ ∈< n′j > and as f
′
i is PL conjugate to fi we
also have Π(f ′i) = Π (according to remarks on lemma 2). So, for all i ∈ {1, ..., p} the integer
ni ∈< n
′
j > and conversely. Consequently, the groups < ni >=< n
′
j > and eventually changing
the basis of the slope sets we have ni = n
′
j, hence the groups G = G
′.
4 Proof of theorem 3.
4.1 Dynamical properties for representations of G = T1,(ni).
In this section, we study the dynamics of a non trivial representation φ : G→ Homeo+(S1).
Notations. F = {g ∈ G : g(0) = 0},
F ′ = [F,F ] = {g ∈ G : g(0) = 0 and Dg(0) = 1},
A = Z[ 1
m
], where m = lcm(ni) is identified to the subgroup of G consisting of
rotations i.e the group of rotations of angles in A.
Algebraic properties, useful for dynamical properties on F and G :
- F doesn’t contain any free group of rank 2 (Brin-Squier) and has no torsion.
- F ′ is simple (Bieri-Strebel, Stein).
- T1,k, for all k ≥ 2 integer in < ni >, is simple (Brown), is contained in G and contains A.
Proposition 1. The group φ(F ) acts on S1 with a finite orbit.
Proof of proposition 1. By a Margulis theorem [Ma 2000], since according to Brin-Squier
F contains no free group of rank 2, the group φ(F ) preserves a measure µ on S1. Thus, the
rotation number map ρ is a representation of F into an abelian group. In particular, it’s trivial
on the first derivated group φ([F,F ]) and consequently, any element of φ([F,F ]) has a fixed
point.
The dynamical alternatives theorem (see [Gh2000] prop. 5.6) says that φ(F ) satisfies one of
the mutually exclusive following possibilities :
1. there is a finite orbit or
there is a unique minimal K that is the accumulation set of any orbit and
2. K = S1 and all orbits are dense or
3. K 6= S1 is said to be exceptionnal (K is homeomorphic to the Cantor set).
If φ(F ) has no finite orbit, the support suppµ of µ coincide with the unique minimal K of
φ([F,F ]). If K = S1 then by setting h(x) = µ([0, x]), one constructs a conjugation from φ(F )
to a group of rotations and F is an abelian group, this is not the case.
So, K = suppµ is a cantor set and any point in K is fixed by φ([F,F ]).
Moreover, let gi, i = 1, ..; p be the generators of F , they have rational rotation numbers
pi
qi
,
since if not by Denjoy et unique ergodicity µ would be of total support.
Then the finite type abelian group H = F[F,F ] acts on K (since [F,F ] ⊂ Kerφ|K) and any
generator gi is of finite order qi. So for all x ∈ K, we have H(x) = {g
s1
1 .....g
sp
p (x), 0 ≤ si < qi}
that is finite.
Finally, the φ(F ) orbit of any x ∈ K is the set of the φ(f).x0 = γc(x0), where c ∈ φ([F,F ]),
γ ∈ {gs11 .....g
sp
p , 0 ≤ si < qi}, so it’s finite since γc(x0) = γ(x0). This contadicts the dynamical
alternatives theorem. This ends the proof of the proposition 1.
Proposition 2. The groups φ(G), φ(A) and φ(T1,k) for k integer in < ni > have no finite
orbits and have a unique same minimal K that is the accumulation set of any orbit.
Proof of Proposition 2.
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Step 1 : the groups φ(G), φ(A), φ(T1,k) for k integer in < ni > have no finite orbits.
The group φ(Z[1/k]) is isomorphic to Z[1/k] by proposition 2, so it contains element of
arbitrary big order, so it has no finite orbits. Now, the groups φ(G) and φ(T1,k) contain some
φ(Z[1/k]), so they also have no finite orbits.
Step 2 : the groups φ(G), φ(A), φ(T1,k), for k integer in < ni > have the same unique
minimal K.
According to dynamical alternatives theorem, each of these groups φ(H) have a unique minimal
denote by K(H). From inclusions between these groups, follow the inclusions :
K(Z[1/k]) ⊂ K(T1,k) ⊂ K(G), k integer in < ni >
K(Z[1/k]) ⊂ K(A) ⊂ K(G).
We first prove that K(A) = K(Z[1/k]). –For any a ∈ A and any κ ∈ Z[1/k], we
have Rκ ◦ Ra(K(Z[1/k])) = Ra ◦ Rκ(K(Z[1/k])) = Ra(K(Z[1/k])). This means that the
set Ra(K(Z[1/k])) is Z[1/k]-invariant, so by minimality and unicity of K(Z[1/k]) this set
contains K(Z[1/k]).
As the same holds for (−a) ∈ A, we get K(Z[1/k]) is A-invariant, so K(Z[1/k]) contains
K(A) by minimality and unicity, this is the missing inclusion.–
Now, we prove that K(A) = K(G). –As each g ∈ G can be written as g = Ra ◦ f ,
with f ∈ F , a ∈ A ; we have φ(g) = φ(a) ◦ φ(f). But we have proved that there exists a
point x0 with a finite φ(F )-orbit : {x0, ..., xp}, so φ(g).x0 ∈
⋃p
i=0 φ(a).xi, for all g ∈ G. Thus
φ(G).x0 =
⋃p
i=0 φ(A).x0 and so on for the accumulation sets that are exactly the K( ).
Hence, we have K(G) = K(A).–
Finally, we have proved that K(Z[1/k]) = K(A) = K(G) and using the first inclusions we
have that this set is also K(T1,k). According to the dynamical alternatives theorem, this set is
the accumulation set of any orbit.
4.2 Proof of theorem 3.A, from now G = T1,(2,n2,...,np),p ≥ 2.
Step 1. Any non trivial representation φ of G in PL+(S1) or Diff2+(S
1) such that φ(G)
has dense orbits is conjugate to the standard PL representation.
Proof – The induced action on the classical Thompson group T1,2 ⊂ G satisfies the hy-
pothesis of III proposition 3.9 p 230 in [11] : it’s non trivial and the group φ(Z[1/2]) has dense
orbits because it has the same minimal than φ(G). Thus, by Ghys-Sergiescu results, φ(T1,2) is
conjugate to the PL standard action T1,2. So both actions G and φ(G) satisfy the hypothesis
of Rubin-Brin result, they are topologically conjugate.–
Step 2. Any non trivial representation φ of G in Homeo+(S1) is semi-conjugate to a
representation φ1 of G in Homeo
+(S1) such that φ1(G) has dense orbits.
Proof – If K(G) is S1, the representation φ(G) has dense orbits. If K(G) is not S1, it’s a
Cantor set, the devil stairs associated to K semi-conjugates φ to φ1 with dense orbits.–
It’s noted in [11]–proof of III Theorem 3.12 p 233– that when φ is C2 or PL, the action φ1
failed not to be so regular but it satisfies all thinks that are needed for proving that φ1(T1,2)
is conjugate to the PL standard action T1,2 which implies in our case that both actions G and
φ1(G) satisfy the hypothesis of Rubin-Brin result, and hence are topologically conjugate. We
are now able to give
the end of the proof of theorem 3.A. Let φ be a representation of G in PL(S1) or Diff (S1),
composing φ with the standard involution (x 7→ 1 − x) we can suppose that φ is orientation
preserving. If φ(G) has dense orbits then it is conjugate to the standard PL representation,
by step 1. If not, by step 2 and the previous remark, φ is semi-conjugate to such an action φ1,
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so it’s semi-conjugate to the standard PL action. But, as p ≥ 2, the group G contains at least
one element of irrational rotation number for which Denjoy theorem applies, this and unique
ergodicity implies that the semi-conjugation is a conjugation.
4.3 Proof of theorem 3.B.
Consider the Thompson-Stein group G = T1,(2,n2,..np) with p ≥ 2. By the theorem 2C’, the
group G contains an homeomorphism B of irrational rotation number α = log 2logn2 a diophantine
number (see [21]) of irrationality measure β (for example for n2 = 3 we have β = 7, 616....)
Suppose that there exists a representation φ : G→ Diff k(S1), for some k ≥ 2. By theorem
3.A, φ(G) is topologically conjugate by some homeomorphism h to G.
So φ(B) = h ◦ B ◦ h−1 is a Ck-diffeomorphism with diophantine rotation number α of
irrationality measure β, by Katznelson-Ornstein result ([15]) it’s C1-conjugate to Rα provided
k ≥ β + 1.
Thus for k ≥ β+1, there exists a C1-diffeomorphismH such that Rα = H◦h◦B◦h
−1◦H−1.
As B is PL-conjugate to a Boshernitzan of rotation number α, it is piecewise C∞ conjugate
to Rα. Using the unique ergodicty of Rα, we get that the map H ◦ h is piecewise C
∞, so we
get that h is piecewise C1 with a finite number N of breaks.
Finally, every g ∈ G can be written as g = h−1 ◦ φ(g) ◦ h so it is piecewise C1 and has
at most 2BP (h) = 2N breaks, this is impossible as G contains elements with arbitrary large
number of breaks.
4.4 Proof of the consequence of theorem 3.
This is an immediate consequence of theorem 3A and consequence 2 of theorem 2 (“topo-
logical rigidity implies PL rigidity”).
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